We investigate the shear viscosity of classical scalar fields in the φ 4 theory on a lattice by using the Green-Kubo formula. Equilibrium expectation value of the time correlation function of the energy-momentum tensor is evaluated as the ensemble average of the classical field configurations, whose time evolution is obtained by solving the classical equation of motion starting from the initial condition in thermal equilibrium. It is found that there are two distinct damping time scales in the time correlation function, which is found to show damped oscillation behavior in the early stage around a slow monotonous decay with an exponential form, and the slow decay part is found to dominate the shear viscosity. This kind of slow decay is also known to exist in the molecular dynamics simulation, then it may be a generic feature of dense matter. The obtained shear viscosity is smaller than the perturbative estimate in the quantum theory which may well describe the hard sector, and suggests a strong coupling feature of the classical field theory which in turn may well describe the infrared dynamics of the whole quantum theory.
I. INTRODUCTION
Classical fields have been proven useful in describing various physical systems which have actually quantum nature, such as the condensate of Bose gases [1] , inflation in the early universe [2] , nuclear structure [3] , and gluon fields in heavy-ion collisions [4, 5] . They can be used to obtain the ground states, for example, of Bose gases by using the Gross-Pitaevskii equation [1] and those of nuclei in the relativistic mean field theory [3] . Classical field theory can be also utilized to understand the dynamical evolution of the system [2, 4, 5] . In dynamical evolution of a quantum system, particles can be created by a coupling with the classical field, and its creation and their mutual collisions produce entropy and lead to eventual thermalization. Furthermore, it has been shown that the dynamics of the classical field itself is responsible for entropy production in a semiclassical approximation and thus play a significant role in the realization of an approximate local thermal equilibrium so that the hydrodynamical description of the time-evolution afterward becomes valid in the case of Yang-Mills field [6] . The classical field dynamics and its possible relevance to entropy production is considered as one of the key ingredients for a hydrodynamical description of a quantum system, then it would be intriguing to explore the properties of nonequilibrium processes as well as equilibrium statistical physics of classical fields. As far as we are aware of, it seems that systematic investigations of nonequilibrium properties of classical fields have not been done so far, except for few exceptions if exist. Taking account of the possible role of classical fields in thermalization, it is natural to expect that the classical field has its own viscosity [7] . The Green-Kubo formula, shown later in Eq. (5), tells us that the shear viscosity can be obtained from the integral of the time correlation function of the energy-momentum tensor, C 12 (t) to t = ∞. Since the Green-Kubo formula is obtained from the linear response theory and should be valid independent of the theoretical framework, it is possible to obtain the shear viscosity provided by classical fields from the thermal average of C 12 (t).
In this work, we discuss the shear viscosity of the classical field in the φ 4 theory using the Green-Kubo formula. In order to make thermalized initial states, we utilize the Langevin equation composed of streaming, diffusion and stochastic force (latter two are collectively called the Langevin terms) to generate configurations in thermal equilibrium; the achievement of thermal equilibrium is checked by examining the equipartition of energy. Once the thermal equilibrium is realized, the Langevin terms are switched off and the time evolution of the system is solely governed by the intrinsic dynamics of the φ 4 theory. Then we calculate C 12 (t).
One of the purposes of the present work is a detailed analysis of the time correlation of the classical energymomentum tensor C 12 (t), which turns out to exhibit rich phenomena beyond naïve expectation such as a simple damped oscillation. In fact, such an analysis is necessary to extract the viscosity in a physically meaningful way. It contains two main components; a fast damped oscillation seen in the early stage and a slow monotonous decay with an exponential form. We also make a detailed analysis of the spectral function which contain interesting physics of the excitation modes of the system. The decay rates of these two components are different by two or three orders in magnitude, and the slow decay part dominates the integral of C 12 (t). We show that subtraction of the exponential term is necessary to make the integration to t = ∞ in the Green-Kubo formula well-defined. The obtained shear viscosity is found to be smaller than the value in perturbative calculations based on quantum field theory at finite temperature. According to the rarefied gas argument, the shear viscosity is proportional to the mean free path, then the small shear viscosity suggests a shorter mean free path in the classical field theory than that in perturbative calculations. This may be because the energy density spreads over the lattice in the classical field theory, and each momentum mode always interacts with other modes. Then collective long-lived modes may appear as in hydrodynamics.
Subtlety: We should remember that there is a subtlety in discussing thermalization and equilibrium using classical fields. Classical field theory is an effective theory of low momentum modes of quantum systems. In the equilibrium of classical fields, an approximate equipartition of energy holds and each mode has the energy around the temperature. Thus the distribution of massless particles obeys the the Rayleigh-Jeans law, which agrees with the Bose-Einstein distribution at low momenta, and the energy density of the classical field is divergent in the continuum limit. Therefore we should set the ultraviolet cutoff scale around the temperature. Another way would be to take account of the coupling with particles, which is beyond the scope of this article.
This paper is organized as follows. In Sec. II, we first explain the lattice formulation of the classical field in the φ 4 theory, the classical field ensemble, and the GreenKubo formula for the shear viscosity. We also discuss the Langevin terms, which promote thermalization, and the equipartition nature in the equilibrium of the classical fields. In Sec. III, we show the numerical results of the time correlation of the energy-momentum tensor and its Fourier spectrum. The shear viscosity is obtained from the ω → 0 limit of the Fourier spectrum. We also discuss the coupling dependence of the shear viscosity. In Sec. IV, we summarize our work.
II. CLASSICAL SCALAR FIELD AND ITS SHEAR VISCOSITY

A. Classical Scalar Field Theory on Lattice
We consider the φ 4 theory, where the Lagrangian is given as
On a L 3 lattice, the Hamiltonian is given by
where (φ(x), π(x) =φ(x)) are the canonical variables and ∂ i denotes the forward difference operator in the ith direction, i.e. ∂ i φ(x) = φ(x +ê i ) − φ(x). We take all quantities normalized by the lattice spacing a throughout this article.
We discuss the evolution of the scalar field in the classical field approximation, where the field variables (φ(x), π(x)) are regarded as c-numbers. Instead of taking account of fluctuations of the field operators in the evolution in each classical field configuration, statistical fluctuations are taken into account by using the classical field ensemble as described later. Then the above Hamiltonian is regarded as a classical Hamiltonian, which gives the classical equation of motion,
We define the off-diagonal matrix elements of the energymomentum tensor of scalar fields on the lattice as
Here we adopt the central difference,
With this prescription, ∂ c i φ(x) is located in the same space-time point as φ(x) and the matrix element becomes more symmetric in the space directions. Then the central difference ∂ c i is found to give a better definition of the energy-momentum tensor than the forward difference operator ∂ i .
B. Green-Kubo Relation
We evaluate the shear viscosity of the classical field by using the Green-Kubo formula which is a powerful relation in the linear response theory [8] .
where T and V denote temperature and volume, respectively, τ 12 (t) is the space-averaged off-diagonal matrix element of the energy-momentum tensor, and · · · eq represents the expectation value in equilibrium. In the long time-difference limit t → ∞, the correlation disappear and C 12 (t) is expected to become 0.
The final equality is expected from the isotropy of thermal systems. Thus when the correlation disappears faster than 1/t, the integral in Eq. (5) converges to a finite value. In actual calculations, the correlation has a long tail and it is not easy to obtain the converged integral. As demonstrated later, we find that it is possible to evaluate the integral to infinity safely by subtracting the slowly decreasing exponential function and adding the exponential contribution separately.
C. Equilibrium in Classical Field Ensemble
In the Green-Kubo formula, we need the equilibrium expectation value of the time correlation of the energymomentum tensor. We here obtain the equilibrium expectation value by using configurations in the classical field ensemble. We prepare N conf initial classical field configurations in equilibrium. Then we regard the average of observables in this ensemble as the expectation values in classical equilibrium,
where O eq is the expectation value of the observableÔ, N conf is the number of classical field configurations, and O i is the observable in the i-th configuration. In order to obtain many equilibrium classical field configurations efficiently, we introduce the artificial Langevin terms in the thermalization stage. In the φ 4 theory, it takes a long time for the system to equilibrate especially at low T or λ, then a large computational resource is required to prepare a large number of equilibrium configurations. By introducing the Langevin terms, thermalization is hastened. We add the Langevin terms, combination of the diffusion and stochastic forces, to the right hand side of the equation of motion for π(x),
where γ is the diffusion coefficient and R(x) represents the fluctuation, which is assumed to obey a Gaussian distribution function, namely the white noise. The strength of the fluctuation is determined by the Einstein relation,
where T is the temperature. When equilibrium is reached, classical field configurations are distributed according to the Boltzmann weight. The partition function of the classical field on the lattice is given as
where k denotes the lattice momentum
is the Fourier transform of π(x), and H φ is the Hamiltonian terms containing φ.
Note that π(k) is complex in general and π(k) and π(−k) satisfies π(−k) = π(k)
* , then the integral should be regarded to be dπ(k)dπ(−k) = 2d Reπ(k) d Imπ(k). Only in those cases with all the momentum components being 0 or π, π(k) is real.
Since the Hamiltonian is quadratic in π(x) as well as in π(k), the expectation values in equilibrium should be given as
Thus we can measure the temperature of classical equilibrium system from the expectation values of π(x) 2 or |π(k)| 2 , where the expectation value does not depend on the position and the momentum. In section III B, we check this relation.
D. Scaling property
In actual calculations, we concentrate on the time evolution of classical fields at m = 0, where equation of motion has the scaling property. The equation of motion, Eqs. (3) with m = 0, is invariant under the transformation,
Then the phase space trajectories are the same with this transformation, which is referred to as the λ deformation hereafter. The λ deformation results in H λ → H αλ /α, with H λ being the Hamiltonian with the coupling λ, and the temperature defined above can be regarded as
By using the λ deformation, the time correlation function and the shear viscosity at a given (λ, T ) are found to be related with those having the same λT value as,
Then it is enough to vary λ and to keep T fixed in order to evaluate C 12 (t) and η at various combinations of λ and T .
E. Momentum Cutoff
Thermally equilibrated classical fields obey the the Rayleigh-Jeans law, and the energy density is divergent in the continuum limit, a −1 → ∞. When we consider classical field theories around the equilibrium, we need to set the ultraviolet momentum cutoff appropriately. As a momentum cutoff, we set the lattice spacing as a −1 = O(T phys ). For example, in massless free classical field theories on the lattice, the energy per degrees of freedom agrees with the lattice temperature T , then we find ε = E/V = T for a one-component scalar field theory. The lattice energy density and the temperature are related with those in the physical unit as ε = a 4 ε phys and T = aT phys , then we find that ε phys is proportional to T
III. NUMERICAL RESULTS
A. Calculation Setup
In actual calculations, we concentrate on the case with m = 0, where the equation of motion is invariant under the λ deformation. The coupling is chosen to be λ = 0.5, 1, 3, 5, 10 and 30. The calculations are performed with the three different lattice sizes L = 16, 32 and 64, and we mainly show the results with L = 32. Equilibrium classical field configurations are generated by introducing the Langevin terms with γ = 0.1. Time evolution with the Langevin terms is calculated with a fixed lattice temperature T = 1 for a duration of t eq = 1/γ, where we have confirmed that classical equilibrium is reached. After preparing N conf = 1000 classical field equilibrium configurations for each value of λ, we perform the time evolution calculation without the Langevin terms until t = 10 4 /λ 2 . The time evolution is calculated in the leapflog scheme with the time step of ∆t = 0.01.
B. Examination of Equilibrium
We first check that classical equilibrium is reached correctly by using the classical equilibrium relation in Eq. (12) at various frequencies. Thermalization process with the Langevin terms is discussed in Appendices A and B.
In Fig. 1 , we show |π(t, k)| 2 eq as a function of the frequency,
on a 32 3 lattice after the equilibration process with the Langevin terms. We find that |π(t, k)| 2 eq is almost constant and is close to the given temperature, T = 1. By fitting a constant T fit to |π(t, k)| 2 eq , we obtain,
Thus the classical equilibrium is confirmed to be reached, where the measured temperature is consistent with the target one within the relative error of 0.2 %.
C. Time correlation of energy-momentum tensor
We shall now discuss the time correlation function C 12 (t) of the energy-momentum tensor in the φ 4 theory. In Fig. 2 , we show the time correlation of the energymomentum tensor for several values of λ in the short time period, t < 5. In the time region of t < 5, the correlation seems to show damped oscillation around a constant value. The oscillation period is around τ short = 1.2 − 1.4. Then the frequency is evaluated as ω short = 2π/τ short ∼ (4.5 − 5.2).
By comparison, longer time results show that the background decreases especially at large λ, as shown in Fig. 3 . 
as a function of the lattice frequency ω k on the 32 3 lattice after the thermalization process with the Langevin terms. We find that the correlation is found to oscillate around a slow monotonous decay. This slow decay may be approximated by an exponential function,
We show the fit results using one exponential function by black dotted lines in Fig. 3 , whose parameters are summarized in Table I , and their λ dependence is shown in Fig. 4 . The fitting parameter A is not very sensitive to λ, while the λ dependence of Γ is strong. When we add a constant or another exponential term, χ 2 is slightly improved but the correlation among parameters makes parameter uncertainties much larger. Since C 12 (t) should approach zero in the long time limit, t → ∞, we assume that the decay is assumed to be given by the single exponential function in the later discussions. 
D. Fourier spectrum
Next, let us discuss the Fourier spectrum ρ(ω) of the time correlation function of the energy-momentum ten- sor, C 12 (t),
where ∆t = 2t max /N . The last line in Eq. (20) is nothing but the discrete Fourier transformation, and we obtain the value of ρ(ω) at ω = nπ/t max . The zero frequency limit lim ω→0 ρ(ω) is equal to the integral of C 12 (t) to t = ∞, and is related with the shear viscosity as given in Eq. (24). The relation between the Fourier spectrum and the spectral density is described in Appendix C. Integration up to t = ∞ is not very easy. Since C 12 (t) has a slow exponential decay part, we need C 12 (t) at large t. As an example, we show the integral of C 12 (t) to t in Fig. 5 . At λ = 1, the decay rate Γ ≃ 5×10 −4 is small, and the integral is not yet saturated at λt = 1000 as shown by the lower dashed curve. At λ = 10, the integral is convergent but is still increasing at λt = 1000. In order to avoid these problems, we first subtract the exponential decay part from C 12 (t), perform the integration, and add the Fourier transformation of the exponential decay part, A/Γ. With this prescription, the integral to t → ∞ is obtained efficiently even at a small value of t as shown by the open circles in Fig. 5 .
The Fourier transformation is performed in a similar manner. We perform the Fourier transformation of the subtracted time correlation function C 
(|t|).
The exponential function in Eq. (19) contributes to the Fourier spectrum as a Lorentzian,
In Fig. 6 , we show the Fourier spectra at λ = 1, 3 and 10 on a 32 3 lattice. We find two structures, a peak at ω = 0 and a bump at ω ≃ 4. At small ω, the Fourier spectrum is dominated by the Lorentzian function from the slow decay part, shown by the dotted curves in the upper panel of Fig. 6 . With decreasing λ, the decay rate Γ becomes smaller then the peak becomes sharper. The peak height of the zero frequency peak, A/Γ, has milder λ dependence.
At high frequencies, a broad bump appears around ω = (2 − 6). As already mentioned, the bump around ω = 4 produces the oscillatory behavior found in the early stage. This oscillation has mild dependence on λ, then it is natural to find similar shapes in the high frequency bumps. We fit the oscillation curves observed in C 12 (t) in the early stage by three damped oscillators, and the Fourier transform of them are shown by dotted curves in the lower panel of Fig. 6 .
This broad bump also appears in the free case, λ = 0. Then the frequency of C 12 (t) should be given as the sum of frequencies of two momentum modes, ω = ω k1 + ω k2 , in the free case. The single mode frequency is in the range of 0 ≤ ω k ≤ 2 √ 3, then the sum of two frequencies would be in the range 0 ≤ ω ≤ 4 √ 3 ≃ 7 without the interaction, which agrees with the spread of the bump.
E. Shear viscosity
By using the Fourier spectrum ρ(ω), the shear viscosity is obtained from the low-frequency limit,
As already discussed, the Fourier transform of the exponential decay part of C 12 (t) appears as a Lorentzian and dominates the Fourier spectrum at low frequencies. The contribution of the subtracted part is less than 1 % of the exponential decay part on a 32 3 lattice. Therefore, it is sufficient to consider the Lorentzian part in calculating the shear viscosity with a few percent accuracy. In this approximation, the shear viscosity is found to be
where A and Γ are the fitting parameters introduced in Eq. (19).
In characterizing the strength of the shear viscosity, the following "normalized" shear viscosity would be useful,
From the dimensional considerations, the shear viscosity should be proportional to T 3 phys . The shear viscosity is proportional to the mean free path in rarefied gases, then the coupling dependence of η phys ∝ 1/λ 2 is reasonable. Thus the combination λ 2 η phys /T 3 phys is expected to depend on λ only weakly. Results of λ 2 η/T 3 with T = 1 are summarized in Table I .
While the actual numerical calculations are performed at T = 1, we can evaluate the shear viscosity with T = 1 by using the λ deformation, η(λ/T, T ) = T η(λ, T = 1). Since λT and λη are invariant under the λ deformation, the normalized shear viscosity is found to be proportional to T −4 and sensitive to the choice of the lattice temper-
We have set the cutoff as a −1 /T phys = 0.2, 0.4 and 0.6 based on the distribution function and the energy density as discussed in Appendix D.
In Fig. 7 , we show the normalized shear viscosityη = λ 2 η/T 3 as a function of λ with the cutoff of a −1 /T phys = 0.2, 0.4 and 0.6. We find small dependence ofη on λ as expected. While the shear viscosity measured on a 16 3 lattice is smaller at small λ, results on 32 3 and 64 3 lattices show similar values,η ≃ 17 × T −4 . With the choice of T −1 = 0.2, 0.4 and 0.6, the normalized shear viscosity is found to be aroundη = 0.03, 0.4 and 2.2, respectively, at small λ. At large λ, lattice size dependence is found to be small, andη increases slowly.
The shear viscosity of the φ 4 theory has been evaluated in perturbative calculations [10] . Their results show that the normalized shear viscosity is λ 2 η/T 3 = 733 and 2860 at small λ in the one-loop and resummed calculations, and the normalized viscosity is an increasing function of λ. While the latter dependence agrees with the present results, the shear viscosity obtained from the classical field evolution is found to be smaller than the perturbative estimate.
By using the rarefied gas argument, the shear viscosity is proportional to the mean free path, then the above comparison suggests that the mean free path in the classical field theory is much shorter than that in perturbative calculations. The shorter mean free path in classical field theory may be reasonable, since the energy density spreads over all the lattice sites and each momentum mode always interacts with others in the classical field evolution. For example, the classical Yang-Mills field evolution seems to show smaller shear viscosity than the perturbation result [5] .
It should be noted, however, that the valid momentum regions in the classical field treatment and in the perturbative treatment are different. Then, for a more serious estimate, it would be necessary to adopt frameworks, in which we can describe both of high and low momentum regions.
IV. SUMMARY
In this article, we have studied the shear viscosity of classical scalar fields on a lattice by using the classical field equation of motion, the Green-Kubo formula, and the classical field equilibrium configurations. Using the Green-Kubo formula, we can obtain the shear viscosity from the time correlation function of energymomentum tensor in equilibrium. We have adopted the classical field ensemble method, where the classical field equilibrium configurations are generated by evolving the system with the artificial Langevin terms. We have confirmed the equilibrium is reached from the frequency dependence of the expectation value of the canonical momentum squared, |π(k, t)| 2 . We have found that the time correlation function shows oscillatory behavior around a slow monotonous decay with an exponential form. The Fourier spectrum at low frequency is dominated by the slow decay, then the shear viscosity is also well evaluated by the contribution from the exponential decay. The calculated shear viscosity is found to be smaller than the perturbative results [10] . This may suggest the strong coupling feature of the low momentum regime for which the classical field theory should be valid because each momentum mode always interacts with others in the time evolution.
The Fourier spectrum is found to have two components, a peak at ω ≃ 0 and a bump at ω ≃ 4. The latter appears also in the free field theories. By comparison, the former comes from the slow exponential decay part and suggests that there exists a long-lived excitation mode, whose pole is on the imaginary axis, ω = −iΓ. Since the damping rate is different from that of the high frequency peak by two or three orders, this long-lived mode should have the collective nature, such as the hydrodynamic modes.
While we have discussed the shear viscosity in the massless case (m = 0), the dependence on the mass were discussed in Ref. [7] . It is interesting to examine the role of the slow decay also in finite mass and negative squared mass cases. It will be also valuable to discuss the shear viscosity of classical Yang-Mills field, which is considered to describe the initial stage of high-energy heavy-ion collisions. Another important direction to study is to include the quantum effects with the particle-field coupling and to describe short and long wave modes in a more consistent way. It would be instructive to discuss the thermalization stage described by the Langevin equation. We show the time correlation function of the energy-momentum tensor, C 12 (t) = V τ 12 (t)τ 12 (0) , in the free scalar theory with the Langevin terms in Fig. 8 . We set the parameters of the Langevin terms as (γ = 0.1, T = 1.0). The red line shows C 12 (t), and the black line shows the fitting function. We find that C 12 (t) dumps exponentially while it slightly oscillates around the exponential decay part. We fit C 12 (t) in the exponential function, C 12 (t) = Ae −Γt , where fitting parameter A is the amplitude of the correlation function and Γ is the decay rate, which is the reciprocal of the relaxation time, τ = Γ −1 . After the fitting, we obtain the set of fitting parameter,
The decay rate is consistent with the diffusion coefficient,
Then the exponential damp of the correlation function is found to come from the diffusion term added in the Langevin equation, Eq. (9). 
where R is a white noise, R(t)R(t ′ ) = 2γT δ(t − t ′ ). We can absorb the diffusion term by considering the combination, exp(γt)p(t), then it is possible to integrate the equation of motion,
Now let us apply the similar idea to the equation of motion of the free scalar theory together with the Langevin terms, which reduces to the Langevin equation for each momentum mode,
where R k is a complex white noise, R *
By combining these equations, we obtain the equation of one variable X k = π k + iΩ k φ k , as in the simple Langevin equation,
We assume that γ is small enough, γ < ω k /2, and ω k is real. Since the first equation (B6) reads
then we can integrate the right hand side and get,
In order to obtain π k and φ k separately, we invoke the two solutions, Ω k = ±ω k − iγ/2,
By using these two, we find that φ k (t) is given as the sum of the diffusion and fluctuation parts,
where γ = γ/2ω k . The squared averages are calculated as
We now confirmed that the equilibrium value φ * k φ k eq = T /ω 2 . We concentrate the fluctuation part, and we find that
The factor 2 comes from the two ways of contractions, and the result looks natural. Nevertheless, readers may care the product of four white noise terms. In order to be concrete, we express the white noise in a finite time step case, 
Then some of the quartic average are given as
It is interesting to find that there is no additional term appearing in the case of i = j = k = ℓ. By using these relations, the quartic average of φ is obtained as
where
We shall now evaluate the time correlation function. The spatial average of the energy-momentum tensor (xy element) is given as
The time correlation function can be evaluated as
where the connected average C φ is given as
The equilibrium average of four field product factorizes as in the case of the Gaussian noize in Eq. (B22). Then, the contribution from the unconnected part, φ *
eq , in the third line of Eq. (B25) disappears, since the equilibrium distribution is isotropic and the equilibrium average of τ 12 in Eq. (B24) vanishes.
Then, by using the relation φ −k (t) = φ * k (t), the contributions from k ′ = −k as well as those from k ′ = k are found to survive, and we obtain the last line of Eq. (B25).
We find that only the diffusion part of φ k (t) contribute to C φ , since the fluctuation part is independent of φ k (0).
We have used the equilibrium average of the four field product, (φ *
This value is different from that for the real variable obeying the Gaussian distribution. The time correlation function is now found to be
Let us evaluate C 12 (t) a little more in the EinsteinDebye treatment of the lattice momentum, 1/V × k → Λ dk/(2π) 3 . We here ignore the diffusion effect on the oscillating frequency, ω k → ω k ≃ k. Then the time correlation function is evaluated as 2 ) 1/3 . We also show the results with lattice momentum on a 32 3 lattice. In the case (I) (green dashed curve) and (II) (blue dotted curve), we adopt two ways of defining k1 and k2 (see the text).
where x = 2Λt and γ c = γ/2Λ.
In Fig. 9 , we show C 12 (t) in free scalar theory with Langevin terms. The qualitative behavior in the numerical results is well explained. We adopt the cutoff Λ = (6π 2 ) 1/3 , which gives Λ dk/(2π) 3 = 1. We also show the results using the lattice momentum in Eq. (B28). We consider two cases of the lattice momentum. Case (I): We define the lattice momentum from the forward difference, k i = 2 sin(πn i /L)(n i = 0, 1, . . . L − 1). Case (II): We use k i = sin(2πn i /L) expected from the central difference. The latter results show smaller values of C 12 (t), and roughly agrees with the numerical calculation also in strength.
Appendix C: Spectral density
We here briefly mention the relation of the Fourier spectrum and the spectral density. The spectral density ρ den (ω) is defined as the spectral function (Fourier spectrum) of the normal Green's function, [τ 12 (t), τ 12 (0)] eq . In general, the Fourier spectrum of the product and the spectral density are related for ω = 0,
In the low frequency limit, this relation goes to the simple relation,
Thus we can obtain the shear viscosity from the spectral density in the low frequency limit, ω → 0 [9] ,
In the main part of this article, we have used the Fourier spectrum ρ(ω) = V I(ω) instead of the spectral density ρ den (ω) for simplicity.
Appendix D: Choice of lattice spacing
In order to evaluate the shear viscosity in physical units, it is necessary to set the lattice spacing in physical units. As already discussed, we should take the cutoff a −1 = T phys /T with the lattice temperature of T = O(1).
We set the range of the lattice temperature T from the distribution function and the energy density of the Bose gas and the massless free classical fields. Comparison of the distribution functions prefers large values of the lattice temperature T . For the Bose gas, the distribution is given as the Bose-Einstein distribution, f BE (ω) = (e ω/T − 1) −1 . The massless free classical fields on the lattice obeys the Rayleigh-Jeans law and show the equipartition of energy, then the distribution function is interpreted as f RJ (ω) = T /ω. In Fig. 10 , we compare f BE and f RJ multiplied by (ω/T ) 2 . It is found that two distribution functions are close in the low frequency region, and agree within the 10, 20, and 30 % differences for ω/T = 0.2, 0.4 and 0.6, respectively, which confirms that classical field theory is an effective theory of quantum field theory in the low frequency region. Note, however, that the frequency of the single particle mode extends to ω max = 2 √ 3 in the lattice unit, and f RJ is larger than f BE at ω = ω max by 44, 116, and 236 % for 1/T = 0.2, 0.4 and 0.6, respectively. By comparison, in order to take account of a significant part of the energy density of the Bose gas, relatively small lattice temperatures are preferred. The energy densities from f BE and f RJ are given as ε , respectively. In Fig. 11 , we show these energy densities normalized by T 4 phys as functions of 1/T . The Bose gas energy density is reproduced by choosing 1/T = (π 2 /30) 1/3 ≃ 0.7 in the massless free classical field. Since high frequency modes are ignored on the lattice, this value would be regarded as an upper bound. At 1/T = 0.2, 0.4 and 0.6, ε RJ /ε BE = 0.024, 0.19 and 0.66, respectively. When we choose a larger lattice temperature, say, 1/T 0.2, the classical field describes only a small fraction of the equilibrium energy density.
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On the basis of these considerations, we set the lattice spacing in the range of a −1 /T phys = 1/T = 0.2 ∼ 0.6 in Sec. III E. At 1/T = 0.2, f BE and f RJ agree within around 50% difference in the frequency range under consideration, while the energy density of the classical field is around 2.5% of the Bose gas. At 1/T = 0.6, the energy density of the classical field is around 65% of that of the Bose gas, while the distribution function of the classical field overestimates that of the Bose gas by a factor of 3 at ω = ω max . Since both of the distribution function and the energy density are important to discuss thermalization processes, we compare the results of the shear viscosity at 1/T = 0.2, 0.4 and 0.6. 
